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Abstract
We calculate the squared gluon eld strengths of a heavy q-q-pair in the model
of the stochastic vacuum. We observe that with increasing separation a chromo-





As is well known, the behavior of QCD at large distances is most probably not con-
trolled by perturbation theory, but genuine non-perturbative eects are supposed to
play an essential role in that infrared domain. This is indicated as well by analytical
considerations [1] as by numerical calculations from lattice-QCD [2]. It is of course
the ultimate desire to obtain analytical results directly from the QCD-Lagrangian, but
successes in that direction are limited. At the moment all analytical results are based
on models.
In the model of the stochastic vacuum (MSV) it is assumed that the complicated mea-
sure which emerges from the QCD-action in the region of slowly uctuating elds can
be described by a well behaved stochastic process [3] [4] [5]. This process can be visu-
alized as a uctuating background eld representing the "physical vacuum".
In the most general form of the MSV one assumes that the above mentioned back-
ground eld has a convergent cluster expansion, but for many specic applications
phenomenologically useful results can only be obtained after further assumptions are
made. One of these assumptions is that the stochastic vacuum can be described by a
Gaussian process, i.e. only the 2-cumulant does not vanish. In a non-Abelian theory
even the assumption of a Gaussian process has to be specied further, since the choice
of the stochastic variables is ambiguous.
Our paper is organized as follows:
In section 2 we shortly present the model of the stochastic vacuum in a restricted form
as it has been applied very successfully to soft hadron-hadron high-energy scattering
[6] [7].
In section 3 we apply this restricted form of the model in order to calculate the squares
of the eld strengths of Euclidean Wegner-Wilson-loops. Especially we shall test the
importance of some more technical assumptions described in section 2 and check the
consistency of the approximations by investigating the Michael sum rule of the total
energy stored in the eld of the Wegner-Wilson-loop.
In section 4 we shall present the results, discuss them and compare, where possible,
with lattice gauge calculations.
Throughout the paper we work in an Euclidean space-time continuum.
2 The model of the stochastic vacuum
A rather extensive description of the MSV as applied in this paper has been given in a
recent publication [7], so we quote here for convenience only the main points.




(x; w) parallel transported to a reference point w
F
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(x) (x; w); (1)
2 THE MODEL OF THE STOCHASTIC VACUUM 2
where F

(x) is the Lie-algebra valued gluon eld strength tensor and (x; w) the path
ordered non-Abelian Schwinger string:





























is the number of colors and unless otherwise stated we use the fundamental repre-
sentation.









i.e. the vacuum expectation value with respect to the non-perturbative background









































































where z = x  y.
The fundamental parameters of the model are the correlation length a and the gluon
condensate < g
2









The factors in eq.(3) are chosen in such a way that D(0) = D
1
(0) = 1:
By evaluating the expectation value of a Wegner-Wilson-loop with the correlator (3)














































In an Abelian gauge theory without monopoles, where the homogeneous Maxwell equa-
tion must hold, only the second structure in eq.(3) can occur, i.e. we must have  = 0.
However, in a non-Abelian theory there is no reason for  to be zero and it is the
tensor structure proportional to  which leads to the linear rising potential (rst term
in equation 4) and hence connement.
From comparison with hadron spectroscopy, high-energy scattering [7] and lattice gauge







































































































and  = 0:74.
The K

are the modied Bessel-functions.





























3 The squared components of the gluon eld tensor
In this section we evaluate the tensor of the squared eld strengths in the presence of
a Wegner-Wilson-loop.
We introduce as usual the Wegner-Wilson-loop over a contour C













(x) is a Wegner-Wilson-loop over a square in ;  direction centered




























where there is no summation over  and  on the r.h.s.
The non-perturbative vacuum expectation value of P





















3 THE SQUARED COMPONENTS OF THE GLUON FIELD TENSOR 4
To calculate the square of the gluon eld strengths in the presence of a static quark-









< W [C] P

(x) >   < W [C] >< P

(x) >
< W [C] >
: (9)
Here C is the Wegner-Wilson-loop corresponding to a static q-q-pair with side length
R
W
in 3-direction and T in 4-direction centered at the origin (see gure 2).
In the limit R
P
! 0 the elements of the tensor (9) are the dierences between the
expectation values of the squared elements of the gluon eld strength tensor in the
presence of the q-q-pair and the uctuations of the non-perturbative vacuum.
In order to evaluate F
2

(x) in the model of the stochastic vacuum we rst transform
as usual the path ordered line-integrals in the Wegner-Wilson-loops into surface ordered
surface-integrals with the help of the non-Abelian Stokes-theorem [12].
























The surface S is boardered by the loop C and contains the reference point w. The
indices of the surface elements are restricted to  <  throughout this paper.




























































































































































Here we have neglected the higher terms in the expansion of P

since they are in higher
order of R
P
. In eq.(11) we have two loops and hence two surfaces each containing the
same point w. We have thus chosen the surfaces as sliding sides of a pyramid based
either on the Wegner-Wilson-loop (d
W
) or on the plaquette (d
P
) (see gure 2).
We use the factorization of the color components of the eld strength tensor as in [13]














































































Figure 2: The two pyramids touching each other at the reference point w















































































































































on the pyramid of the plaquette and the other (2n  2) among one another. As
soon as the two eld strengths of one of the latter (n 1)-pairs are not direct neighbors
in surface ordering, this ordering is suppressed by at least a factor a=L as compared to
the fully ordered ones (a is the correlation length and L the linear extension of the loop
C). We now neglect in any order of the expansion of the exponentials all terms
which are not fully ordered, i.e. which are suppressed by at least a factor a=L. For all









































































































































-factors are due to the traces.
Now the integrand is symmetric and we may replace the ordered surface integrations




































































































































































































































































































































We note that in the integral one surface element is connected to the Wegner-Wilson-








Figure 3: Parametrization of the sliding sides of a pyramid. s and  2 [0; 1].





























































































































































Since we are interested in the limit R
P
! 0 the integration over 
P
becomes trivial
if we expand the expression around 
P
= 1=2. We found that in all cases the limit
R
P






Numerically the limit of static quarks was reached for T  6a. But in order to study
the static case we took the limit T !1 analytically.
4 Results and Discussion
4.1 General results
The reference point w plays a crucial role in the non-Abelian Stokes-theorem and it
has to be common to both surfaces in order to apply the MSV. Its choice inuences
the results. Even for the application of the MSV to calculate a simple Wegner-Wilson-
loop the resulting area law refers to the area including the reference point [15]. This
is certainly one of the less pleasant features of the model and a consequence of the
approximation of the complicated measure of the QCD-action by a Gaussian one. If
we deform the surface, necessarily higher cumulants must be occur, since the result has
to be independent of the surface. For the one loop case the MSV is in accordance with
phenomenology and lattice calculations, if the minimal surface is chosen. We therefore
have always chosen the minimal surface in the evaluation of a Wegner-Wilson-loop by




(x) we proceed the same way. We choose the reference point in such
a way, that the total resulting surface of the sliding sides of the pyramids is minimal.
Since the surface of the plaquette is considered in the limit R
P
! 0, this means, that
the reference point w has to be in the plane of the loop C. This will always be our
standard choice. In order to investigate the inuence of the position , we will later also
study the case where the reference point has an arbitrary position on the connection
line between the plaquette P and the loop.
We rst concentrate on the typical non-Abelian tensor structure determined by the
correlation function D.
It can be seen by symmetry arguments that for that case the dierence of the square
of the magnetic eld strengths, i.e. the plaquette P

(x) with no time (x
4
) component,
vanishes identically. This means that the magnetic background eld is not aected by
the static color charges.
The electric eld perpendicular to the Wegner-Wilson-loop is also practically not af-
fected but only the dierence of the squared electric eld parallel to the loop.
In both cases the squared electric eld dierence is negative, i.e. the presence of the
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static source diminishes the vacuum uctuations.
























(the results are rotational invariant around the x
3
-axes) for
dierent spatial separations R
W
(see gure 2 for the choice of coordinates).








extension of the Wegner-Wilson-loop R
W
 4a = 1:4fm. The transversal extension of


















is practically independent of R
W
and about 1:8 times the correlation length a (see
gure 9).











Figure 9: The transversal extension r
MS
of the squared electric eld as a
function of the quark separation R
W
.
As mentioned above, the quantity F
2
34
(x) is the dierence between the squared eld
strength in the presence of a static q-q-pair and the non-perturbative vacuum eld
strength. In gure 10 we display the unsubtracted squared eld tensor of the color
source in units of the vacuum gluon condensate < g
2
FF >.
As can be seen, the presence of the static source has only a moderate inuence on the
global vacuum-structure (10%).
Now we discuss the second correlation function D
1




(x) is numerically much less important than that of the correlator D. For
small distances this is mostly due to the factor (1  ) = 0:26, but for large distances
the fact that with this correlator no string is formed becomes decisive.
Again the square of the magnetic eld is not inuenced by the static source, but now
the squared parallel and perpendicular electric elds are of the same size and build up
















for the correlator D
1
.
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4.2 Michael sum rule
The total eld energy due to the presence of the static quark source is just the potential
energy of the quarks. We thus have a relation between the expectation value of the
Wegner-Wilson-loop and the spatial integral over the sum of F
2

(x). This is one
of the Michael sum rules [16]. In our case we can not test this sum rule absolutely,
since we do not know g
2
. We can however estimate the eective value of g
2
from
potential models of quarkonia to g
2
 6 [17]. The Michael sum rule yields than a very




We remind especially of the special choice of factorization and the neglect of all terms
suppressed by at least a factor a=L in the expansion of the Wegner-Wilson-loop.
















= 7:2 and compare it to the q-q-potential (4) as determined from the
model of the stochastic vacuum.













Figure 14: The total energy stored in the eld (dots) compared with the
potential of a q-q-pair as obtained by eq.(4)
We observe an almost perfect agreement between the two determinations even for
distances which are small as compared to the correlation length a. (The error of the
points is about the same size as the points due to the numerical integration.) The
agreement in form and the very reasonable value of 
s
 0:57 for the eective strong
interaction coupling show, that the approximations of the MSV are well consistent.
4.3 Color-Coulomb contribution
Having determined the eective 
s
we are in the position to obtain an approximation to
the full QCD-expression by adding to the non-perturbative results the color-Coulomb








= 0:7fm the perturbative contribution increases the energy density in the mid-








and even for R
W









. Since lattice calculations are typically working with Wegner-
Wilson-loops of spatial expansion R
W
 1fm the measured eld strength is to a large
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extent a perturbative one. The magnitude of our full energy densities (SU(3)) agrees
qualitatively with the scaled lattice results for SU(2) [18] [19] [20].
4.4 Dependence of the results on the reference point
In a non-Abelian gauge theory it is essential to transport the color content of the eld
strength correlator to a xed reference point in order to obtain gauge covariant results.
Such a reference point also occurs quite naturally in the non-Abelian Stokes-theorem
as starting point of the surface ordering [15]. The nal result for the expectation value
of a Wegner-Wilson-loop must be independent of the choice of the reference point, but
the result of the MSV calculation does depend on it, if the reference point is moved
outside the surface under consideration. As discussed before the minimal surface is
most adequate for the simplication of the measure of the QCD-action to a Gaussian
one. Thus this has been our standard choice. Now we want to test the dependence of
the results on the reference point, varying its position on the connection line between
the plaquette and the loop as indicated in gure 18. =0 corresponds to our standard






Figure 18: Denition of the parameter  which describes the position of the
reference point w. =0 corresponds to our standard choice and for =1 the
reference point is inside the plaquette.
In gure 19 we display the squared electric eld parallel to the quark axis in the
transversal plane between the two quarks (F
2
34
(0; r)). In gure 20 we show the same
eld as a function of the position between the quarks with a distance of one correlation
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 = 0
 = 1
0 0.5 1 1.5 2 2.5 3
r[a]
Figure 19: The squared electric eld parallel to the q-q-axis in the transversal
plane between the two quarks (F
2
34
(0; r)) for a quark separation R
W
= 6a
and for dierent positions of the reference point w (see gure 18). The solid

















Figure 20: The squared electric eld parallel to the q-q-axis as a function of






; 1a)) for a quark separation R
W
= 6a and for dierent
positions of the reference point w (see gure 18).
As can be seen, the results are rather stable for  
1
2
and the variation of  has only
a limited numerical eect.
4.5 Summary
The MSV in its simplest form makes denite predictions on the non-perturbative con-
tributions of the chromodynamic elds of a static q-q-pair. The rst result is that
the expectation values of the squared magnetic and perpendicular electric eld are not
aected by the quark pair whereas the squared electric eld parallel to the quark axis
is diminished. This is in qualitative agreement with lattice gauge calculations of the
connected linear eld strengths [21]. The vacuum structure is quite stable, because the
uctuations of < g
2
FF > are decreased by only 10%.
With increasing quark separation a ux tube with constant width (r
MS
 0:64fm) and





The approximations in the MSV made here respect the Michael sum rule with an
eective strong coupling 
S
=0.57. By adding the perturbative contribution with this
REFERENCES 12
coupling to the non-perturbative one we obtained the total energy density in agreement
with lattice SU(2) gauge calculations [18] [19] [20].
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